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Abstract: The dynamic behavior of two collinear anti-plane shear cracks in a piezoelectric
layer bonded to two half spaces subjected to the harmonic waves is investigated by a new
method . The cracks are parallel to the interfaces in the mid-plane of the piezoelectric layer .
By using the Fourier transform, the problem can be solved with two pairs of triple integral
equations . These equations are solved by using Schmidt’s method. This process is quite
different from that adopted previously . Numerical examples are provided to show the effect
of the geometry of cracks, the frequency of the incident wave, . the thickness of the
piezoelectric layer and the constants of the materials upon the dynamit stress intensity factor

of cracks .
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Introduction

It is well-known that piezoelectric materials produce an electric field when deformed and
undergo deformation when subjected to an electric field. The coupling nature of piezoelectric
materials has attracted wide applications in electro-mechanical and electric devices, such as
electro-mechanical actuators, sensors and structures. When subjected to mechanical and electrical
loads in service, these piezoelectric materials can fail prematurely due to defects, e.g., cracks,
holds, etc. arising during their manufacture process. Therefore, it is of great importance to study
the electro-elastic interaction and fracture behavior of piezoelectric materials. Moreover, it is
known that the failure of solids, results from the final propagation of the cracks, and in most
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cases, the unstable growth of the crack is brought about by the external dynamic loads. So, the
study of the dynamic fracture mechanics of piezoelectric materials is much more important in
recent research .

In the theoretical studies of crack problems, several different electric boundary conditions at
the crack surfaces have been proposed by numerous researchers!' ") | For the sake of analytical
simplification, the assumption that the crack surfaces are impermeable to electric fields was
adopted by some researchers!' ~% ! | In these models, the assumption of the impermeable cracks
refers to the fact that the crack surfaces are free of surface charge and thus the electric
displacement vanishes inside the crack. In fact, cracks in piezoelectric materials consist of
vacuum, air or some other gas. This requires that the electric fields can propagate through the
crack, so the electric displacement component perpendicular‘to the crack surfaces should be
continuous across the crack surfaces. However, due to much simpler treatment from a
mathematical point of view, the impermeable crack are still employed extensively in the study of

[1-4, 14-16]

the crack problems of piezoelectric materials . Recently, the dynamic response of

piezoelectric materials and the failure modes have attracted more and more attention from many

[15-20]

researchers A finite crack in an infinite piezoelectric material strip under anti-plane

dynamic electro-mechanical impact was investigated with the well-established integral transform

(5] Axisymmetric vibration of a piezo-composite hollow cylinder

(17]

methodology by Yu and Chen
was studied by Paul and Nelson''''. The dynamic representation formulas and fundamental
solutions for piezoelectricity had been proposed earlier by Khutoryansky and Sosa'"® . The
dynamic response of a cracked dielectric medium in a uniform electric field was studied by
Shindo''®! . Narita and Shindo!®’ also carried our an analysis of the scattering of anti-plane shear
waves by a finite crack in piezoelectric laminates. In particular, control of laminated structures
including piezoelectric devices was the subject of research in Refs.[21 — 25]. Many piezoelectric
devices comprise both piezoelectric and structural layers, and an understanding of the fracture
process of piezoelectric structural systems is of great importance in order to ensure the structural

(25, 26) However, the electro-elastic dynamic behavior of

integrity of piezoelectric devices
IAminated piezoelectric composite structures with two cracks has not been studied despite the fact
that many piezoelectric devices are constructed in a laminated form. Accordingly, there is a need
to investigate the electro-elastic fracture mechanics analysis of laminated piezoelectric structures.

In the present paper, we consider the anti-plane shear problem for two cracked piezoelectric
layers bonded to two half spaces. The two half spaces have similar properties and the piezoelectric
laminate is subjected to combined mechanical and electrical loads. The cracks are situated
symmetrically and oriented in the direction parallel to the interfaces of the layer. The interaction
between two collinear symmetrical cracks subjects to anti-plane shear waves in piezoelectric layer
bonded to two half spaces is investigated using a some different approach by a new method,

namely Schmidt’s method™”!

. It is a simple and convenient method for solving this problem.
Fourier transform is applied and a mixed boundary value problem is reduced to two pairs of triple
integral equations. In solving the triple integral equations, the crack surface displacement and
electric potential are expanded in a series of Jacobi polynomials and Schmidt’s method?”’ is
used. This process is quite different from that adopted in Refs.[1 - 13, 15 -26]. The form of

solution is easy to understand. Numerical calculations are carried out for the stress intensity
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factors .

1 Formulation of the Problem

Consider a piezoelectric layer that is sandwiched between two elastic half planes with an
elastic stiffness constant cj, . Quantities in the half spaces will subsequently be designated by
superscript £ . The piezoelectric material layer of thickness 2/ contains two cracks of length 1 - b
that are situated in the mid-plane and are parallel to the interfaces, as shown in Fig.1, 25 is the
distance between the cracks ( 25 is the distance between the cracks. The piezoelectric boundary-
value problem for and anti-plane shear change in the numerical values of the present paper. ¢ >
b > 0). The piezoelectric boundary-value problem for anti-plane shear is considerably simplified
if we consider only the out-of-plane displacement and the in-plane elastic fields. Let w be the
circular frequency of the incident wave. In what follows, the time dependence of all field
quantities assumed to be of the form exp( — iwt) will be suppressed but understand. The
constitutive equations can be written as

7y = Cyw,, +esd, . (k=2x,y), (1)
Dy = ejsw — €9, (k = x,5), (2)
Tho= CLwl, Ty = ciawl, (3,4)
where 7, D,(k = x,y) are the anti-plane shear stress and in-plane electric displacement,

respectively. ¢4, e;5, &;; are the shear modulus, piezoelectric coefficient and dielectric

parameter, respectively. w and ¢ are the mechanical displacement and electric potential. 7%, r'y:z
and w® are the shear stress, and the displacement in the half elastic spaces, respectively. The

anti-plane governing equations are[?%)

cuViw+ esVie = pazwlatl, (5)
315V2w - €1 V2¢ = 0, (6)
Vsz - pEaZWE/at’l’ (7)

where V? = 3°/3x* + 3°/3y” is the two-dimensional Laplace operator. p is the mass density of

the piezoelectric materials. p” is the mass density of the elastic materials. Body force, other than

‘inertia, and the free charge are ignored in present work. Because of the assumed symmetry in

geometry and loading, it is sufficient to consider the problem forO << x < ®, 0 << y < % only.
A Fourier transform is applied to Egs.(5), (6) and (7). Assume that the solutions are

w(x,y,t) = %J: {A1(s)expl— ¥17] + Ay (s)expl 71y ]tcos(sx)ds, (8)

wE(x,y,t) = %J:A3(s)exp[— Y,y Jeos(sx)ds, (9)

er 5 5
where 7, = /5% = (w/egy)?, cqy = Vulp, p = ey + 6_15’ Y. = «/s“ - (wl{cEy)?,
1

céu = v ci/p®. A(s), A,(s) and A;(s) are unknown functions, and a superposed bar
indicates the Fourier transform throughout the paper, e.g.,
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7o) = [ ptare=dz. (10)
Inserting Eq. (8) into Eq.(6), it can be assumed
$(x,y,1) - :—ifw(x,y,t) = %J(j[Bl(s)e"” + B,(s)e” Jcos(sx)ds, (11)

where B, (s) and B, (s) are unknown functions .
As discussion in Refs.[15,19,20], the boundary conditions of the present problem are (In
this paper, we just consider the perturbation stress field. )

7, (%,0,t) = - 7 (bglxlgl), (12)
D, (x,0,t) = - D, (bglaxlgl), (13)
w(x,0,t) = $(x,0,2) =0 (lxl<b, lxl>1), (14)
e (2 ht) = <5 (x,hyt), (15)
w(x, + h,t) = wi(x, + h,t), (16)
D,(x, £ h,t) =0, (17)
w(z,y,t) = wh(x,y,t) = ¢$(x,y,t) =0, forvz> + y> > . (18)

In this paper, the wave is vertically incident and we only consider that 7, and D, are positive .

The boundary conditions can be applied to yield
two pairs of triple integral equations: 74

gJwA(s)cos(sx)ds =0
TJo J_b_._b_l h

(0<x < b,1 <2x), (19) ' i 1 i
" -]
:‘j Y1 Fi(s)A(s)cos(sx)ds = L—/‘\(
TJo
1 eys Dy . . .
—(zo + 5—> (b<x<1) (20) Fig.1 Cracks in a piezoelectric layer
" under anti-plane shear waves
and
') -]
i B(s)cos(sx)ds = 0 0< x< b,l <x), (21)
0
® D
-Z—j sF,(s)B(s)cos(sx)ds = - =0 (bgx<l), (22)
TJo €n
1 - #36—271h 1- C_ZSh ~2s
where Fl(s) = m, Fz(s) = m, A(s) = (1 + px3€ lh)Al(s),
As(s) = pae” % 4,(s), B(s) = (1 + e >*)B,(s), B.(s) = e >*B,(s),
2 E E
€15 Ca4 Cas Hi1
= ¢ + —, =71 -7, s = Y1 4+ — Vs, = —.
¢ “* ey H1 1 w2 H2 1 P 25 M3 P

To determine the unknown functions A(s), B(s) , the above two pairs of triple integral
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Egs. (19) ~ (22) must be solved.
2 Solution of the Triple Integral Equation

For solving two pairs of triple integral equations, the Schmidt’s method"*! can be used to
solve the triple integral Egs. (19) - (22). The displacement w and the electric potential ¢ can be
represented by the following series:

s L
. 1+5 (x_1+b)‘ 2
A _ N, ph b 2 _ 2
w(x,0,t) = %%Pr 2 T 1 - b\2 ,
2 2
forb<sx<1,y =0, (23)
w(x,0,t) =0, forx < b, x >1,y =0, (24)
1
L _L+b (x_1+b)'i
. _ N phd 2 - 2
¢(3/;0”:> = %anPn‘ = 1-5% 1 1-5 2 *
2 2
forbgx<l,y =0, (25)
$(x,0,t) = 0, forx < b, z>1,y =0, (26)

where a, and b, are unknown coefficients to be determined and P{/** (x) is a Jacobi
polynomial®® . The Fourier transformation of Egs.(23) and (25) is'*]
—~ < 1 1-5b
A(s) = w(s,0,0) = ZanQnGn(S)—s“J,m(s 5> @7

=0

Bu>=mﬁmo_§%upJ)=zxm_§%naﬁgoéhﬂhlgbx (28)
11 a=0 1 2
~
0, = e E(ﬂ,inl_"*_L“)’ (29)
(- 1)%005( s 1 : b) (n =0,2,4,6,-"),
G.(s) = - (30)

(- l)nT“sin( s ! ,+) b) (n = 1,3,5,7,-),

where I'(x) and J, (x) are the Gamma and Bessel functions, respectively .

Substituting Eqs.(27) and (28) into Eqs.(19) - (22), respectively, Eqs.(19) and (21)
can be automatically satisfied, respectively. Then the remaining Egs.(20) and (22) are reduced
to the form after integration with respect to x in [ b, x ], respectively .

°. = 1-b gi(s) ], . .
%fannL s16,(5)),1Cs —2—)[1 + m] [sin(sx) — sin(sh)]ds =

imﬂ+kﬂx—w, (31)

Sih - a0 s 6 (s B3 11+ LRG0 - 11

n=0 €11
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D
[sin(sx) - sin(sbh) ]ds =—,7:60(x -b), (32)
1
e15 Dy "
where A = S ,gl( ) = (71*5)—(71+5)F33XP[—~71”’]1

g:(s) = 1 + pgexp[-27,h].
The semi-infinite integral in Egs.(31) and (32) can be modified as! !

J: 1 Juir (s 1—;—[)—)[1 + fgflf(i)) cos(s )sm(sx)ds -
( - )n+1s1n( (n '21)7!)
1 = —
B I NI
sin[(n + l)arcsin(1 lb——bzx)]}+
J: %%JHI(S L= b)CO (9 b)sin(sx)ds, (33)
J: %’Jn+l(9 1- b)[l + gl(( ))]sm(s )sm(sx)ds _
{COS[(n + l)arcsm(%b_—_l—)“—x)] _
( )n+1 ((n 1;1)7()
+ b

BTN el

= g(s) 1-b, ., 1+5b
L ———J,Hl(s——z—)sm(s 3

szgg(s) )sin(sx)ds. (34)

For a large s, the integrands of the semi-infinite integral in Eqs. (33) and (34) almost all
1/5* except for the singularities in the integrands of the integrals in Eq. (33) . The singularities in
the integrands of the integrals that define the function g, (s) in Eq.(33) are poles that occur in
the complex s-plane at the zero of g,(s). The technique merely deforms the contour of
integration below the real s-axis so that no poles occur on the path of integration. These zero
points of g(s) not only depend on the crack length, the electric loading and the frequency of the
incident wave, but also depend on the properties of the materials. The poles represent the addition
of a free wave solution that will ensure that the scattering wave solution does not contain standing
waves'®! | Note that the integrals in Eq. (33) will also have principal value integrals. So the
semi-infinite integral in the Eqs. (33) and (34) can be evaluated numerically by Filon’s
method* . Thus the semi-infinite integral in Eqgs.(31) and (32) can be evaluated directly.
Egs.(31) and (32) can now be solved for the coefficients a, and b, by the Schmidt’s method.
For brevity, Eq.(31) can be rewritten as (Eq. (32) can be solved using a similar method as
follows)
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SVaE,(x) = Ux)  (b<x<1), (35)

where E,(x) and U(x) are known functions and coefficient a, is unknown and will be

determined. A set of functions P, ( x) which satisfy the orthogonality condition
1 1
JPm(x)Pn(x)dx - N5, N, = J P2 (x)dx (36)
b b

can be constructed from the function, E, (%), such that

P,(x) = iﬂﬂf""zai(x), (37)

where M i is the cofactor of the element d,-j of D, , which is defined as

[ doos Aoy s don s 5 doy ]

digsdysdin, ey dy

dzo’dn,dzz""’dm
1

D, - L4y = [ B E(x)ds. (38)
b

'an’an’dnl"”idnn'
Using Egs. (35) - (38), we obtain

= Mn' .
a, = ZQJ-AT; with ¢; = %J‘ U(x )P(x)dx (39)

3 Intensity Factors

Coefficients a, and b, are known, so that entire pertarbation stress field and the perturbation

electric displacement can be obtainable. However, in fracture mechanics, it is of importance to
determine the perturbation stress z,, and the perturbation electric displacement D, in the vicinity of

the crack’s tips. z,, and D, along the crack line can be expressed respectively as

_ %ZG"Q"J: G,,(S){l + [Zsl—Fl(s) - 1]}x

Voot G 252 cos( ) ds _zelszu; 00, 6 (5)

¥z

7, (x,0,1)

{1 + [Fz(s) - 1] }J,,+1(S 1

; b)cos(xs)ds s (40)

Dy(x’o’t) = %i(slll)n - elS“n)QuJ: Gn(s){l + [Fz(s) - 1] }X

L= 5 cos(xs)ds . (41)

Jn+1(s
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Observing the expression in Egs.(40) and (41), the singular portion of the stress field and
the singular portion of electric displacement can be obtained respectively from the

relationships[zx] :

b
cos(s 1 : b)cos(sx) = %{cos[s(l t b _ x)] + cos[s(l i 4 x)]} ,
b
sin( s L-;;b)cos(sx) = —;—{sin[s(%—b - x)] 4+ sin[s(l ; + x)]} ,
cos[ narcsin(b/a) ]
(a > b),
J J,(sa)cos(bs)ds =
0 B a”sin( nx/2) (b > a)
Vb Z b+ VB - &P
o
sm_narc’sm(li/a)] (a>b),
® . ﬁ“ - b-
J J,(sa)sin(bs)ds =
0 u N
a"cos{ nx/2) (b > a).

A BE ~ at[ b+ B~ a*]"
The singular part of the perturbation stress field and the singular part of the perturbation
electric displacement can be expressed respectively as follows:

3 __LZ<C440’"+315bn)Qan(b9x)’ (42)

=0

1 <~
D =_;Zl(ellbn_615an)Qan(b’x)’ (43)

where H,(b,x) = (- 1)"+1f1(b,x,n) (n =0,1,2,3,4,5,- (forQ0 < x < b)),

Hn(b1x> = _fg(b’xan) (IL = 0)112y3;4153”' (fOI'l < x))s

fl(b,x,n) =
2(1 = b))+t
W+ b =202 (1) [1+b-2x++(1+b-2x) - (1-b)]m"
frlb,z,n) =
2(1-—[))"”
V2x -1 - b)) - (1-b) 25 -1-b++(2x —1-5) = (1= 5p)]mt

At the left end of the right crack, we obtain the stress intensity factor K| as

K, = lim V2r(b - x) -7 = “’Rl_z—_b) i(— D"(eya, + e5b,)0Q0,. (44)

At the right end of the right crack, we obtain the stress intensity factor Ky as

Ky = im2x(a - 1) - 7 = /;(1—2_55 i(c‘ma"+e15bn)0n- (45)

x>

At the left end of the right crack, we obtain the electric displacement intensity factor D; as

@

Dy = lim V2r(b — %) - D = ;(1—2:7) SN D (ersay - enby) 0. (46)

b
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At the right end of the right crack, we obtain the electric displacement intensity factor Dy as

DR = llrr}ﬁx(x—l)-D = I;‘c—(—lz_—b) i(elsan—s“bn)Q". (47)

4 Numerical Calculations and Discussions

This section presents numerical results of several representative problems. From
Refs.[32 - 36], it can be seen that the Schmidt’s method is performed satisfactorily if the first
ten terms of the infinite series to Eq.(35) are obtained. The solution of two collinear cracks of
arbitrary length ¢ — b can easily be obtained by a simple change in the numerical values of the
present paper (a > b > 0), i.e., it can use the results of the collinear cracks of length1 ~ 5/ a
and the strip width i/« in the present paper. The solution of this paper is suitable for the arbitrary
length two collinear cracks in the piezoelectric layer bonded to dissimilar half space. All
applications were focused on two cracked piezoelectric layer bonded to half planes. The
piezoelectric layer is assumed to be the commercially available piezoelectric PZT-4 or PZT-5H,
and the half planes are either aluminium or epoxy. The material constants of PZT-4 are Cyq =
2.56 x 10°°(N/m*), e;s =12.7(c/m?), €, = 64.6 x 107°(c/Vm®), p = 7 500 kg/m’,
respectively. The material constants of PZT-5H are cy = 2.3 x 10°°(N/m*), e;s =
17.0(c/m*), &, = 150.4 x 107%(c/Vm?), e = 7500 kg/m’, respectively. The material
constants of aluminium are ¢j, = 2.65 x 10°°(N/m*) and p = 2 706 kg/m®. The material
constants of epoxy are cf, = 0.176 x 10"°(N/m*) and p = 1 600 kg/m*. The results of the
present paper are shown in Figs. 2 - 13, respectively. From the results, the following
observations are very significant:

(i) The dynamic stress intensity factors not only depend on the crack length, the width of
the strip, the electric loading and the frequency of the incident wave, but also on the properties of
the materials. However, the electric displacement intensity factors only depend on the crack
length, the width of the strip, the electric loading and the properties of the materials .

(1l ) The interaction of the two collinear cracks decrease when the distance between the two
collinear cracks increases .

(i ) The stress intensity factors decrease when the width of the piezoelectric layer
increases .

(V) The stress intensity factors increase with the increasing of the electric loading for the
width » > 1.0. However, the stress intensity factor becomes small with increasing of the electric
loading for the width 2 < 1.0. This is due to the coupling between the electric and the
mechanical fields. However, the electric displacement intensity factors increase with the
increasing of the electric loading for any A .

(V) The dynamic stress intensity factors tend to increase with the frequency reaching a
peak and then to decrease in magnitude. However, when the frequency w/cgy > 2.4, the
dynamic stress intensity factors tend to increase with the frequency again. This phenomenon is
brought up by the free wave. Here, the free wave is created by the singularities in the integrands
of the integrals in Eqs.(31) and (32).

(Vi) The intensity factor K, is larger than Ky for w/cgy < 1.5. However, K, may be
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smaller than Ky for w/cgyg > 1.5. The electric displacement intensity D, is larger than Dy .

1,68~

1.62 /
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1.50

0 1 2 3

K/ To
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